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ABSTRACT: Monte Carlo calculations were performed on poly(oxymethy1ene) chains using the rotational 
isomeric state model. The end-bend distribution function was found to exhibit bimodal behavior, characteristic 
of a helix/coil coexistence, over a range of temperature and chain length. The first-order gauche distribution 
(Po) and the second-order gauche pair distribution (PGG) did not show any bimodality. The sequence length 
distribution, however, did show pronounced bimodality. The transition-like behavior was found to become 
sharper and shifts to lower temperature with a logarithmic dependence on the chain length. Thus the helix/coil 
coexistence behavior is a finite chain effect, with the transition temperature approaching 0 K for the infinite 
system. As expected, an external force on the ends of the chain was found to  shift the coexistence temperature 
to  higher temperatures. These results can be understood by analogy with the one-dimensional Ising model. 

Introduction 
Poly(oxymethy1ene) (POM) is an interesting polymer 

because it is an example of a synthetic chain in which the 
gauche state has a significantly lower energy than the trans 
state. This energy difference, which is thought to be due 
to attractive interactions between CH2 and 0 groups, is 
estimated to be -1.4 kcal/mol on the basis of semiempirical 
conformational energy calculations and dipole moment 
 measurement^.'-^ The preference for gauche configura- 
tions, coupled with severe repulsive interactions for al- 
ternate gauche bonds of opposite sign, gives POM a strong 
tendency to form helical sequences.l 

Distribution functions for POM chains were computed 
previously5 from Monte Carlo simulations for rotational 
isomeric state chains. The tendency toward helix forma- 
tion was manifested by a curious bimodal shape for the 
end-bend distribution function. This “bimodality”, which 
increases as the temperature is lowered, is suggestive of 
a helix/coil transition. Such a phenomenon cannot be a 
true phase transition, of course, since the rotational isom- 
eric state model is a one-dimensional, Ising-like model,6 
for which no thermodynamic phase transition can exist at 
finite temperature. Rather it is a pseudo-first-order 
coexistence behavior which occurs due to finite size effects. 

The purpose of the present investigation is to examine 
the configurational statistics of POM in more detail in 
order to gain a further understanding of this helix/coil 
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coexistence behavior observed in the end-to-end distribu- 
tion function. In addition, we have computed various 
internal sequence distributions for POM from computer 
simulations of rotational isomeric state chains. We also 
examine the influence of an external field on the end-to- 
end distribution function. In a broader context, the 
present study is representative of the variety of physical 
behavior that can occur in polymer chains of moderate 
length. 

Monte Carlo Simulations 
The Monte Carlo scheme here uses a modified Me- 

tropolis’ algorithm to compute the average ( X )  of some 
observable variable X i  which depends on the chain con- 
figuration.8 ( @ I i  represents the set { $ J ~ . . . @ ~ ] ~  of possible 
rotational states (t, g+, g-) for a specific chain i of N repeat 
units. For a canonical ensemble, ( X )  takes the form 

(X) = C x i Q i / C Q i  (1) 
i  i  

where the subscript refers to a specific set of many possible 
configurations (@Ii. The coefficient Qi is the Boltzmann 
factor for the configuration i. 

Using the conventional rotational isomeric state’ for- 
malism for POM, we can define two statistical weight 
matrices for a pair of bonds. 

1 

1 
u ,= ( 1  

u b = (  1 1 

1 
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Rotational states are taken to occur a t  4 = 0, f115' and 
are designated as trans and gauche + f -, respectively. In 
this notation, an a-bond pair is taken as the pair of bonds 
flanking an 0 atom in POM, whereas the b-bond pair 
flanks the CH2 group. Using Flory's notation,' we em- 
ployed the following energy parameters: E, = -1.4 
kcal/mol, E,. = a, and E,, = 1.5 kcal/mol. The corre- 
sponding Boltzmann factors are defined as c = 
exp(-E, fRT) etc. These parameters were chosen to be in 
agreement with the conformational energy calculations of 
Abe and Mark3 and with dipole moment measurements 
on POM.4 E ,  is the energy of having a gauche bond fol- 
lowing a trans. The negative value reflects the fact that 
in POM, the gauche configuration is the preferred state. 
The E:s reflect the high energies associated with having 
a consecutive pair of gauche bonds of opposite sign. The 
weighting factor Oi for the ith chain configuration can then 
be calculated from the product of the individual factors 
in eq 2, 

Oi = T u f n ; k  (3) 

for the specific chain configuration (41i. u@;k refers to the 
appropriate matrix element for state l' for 4 k - 1  and state 
n for bond angle $k. When k is odd the U, matrix is used, 
whereas K even refers to the Ub matrix. 

In the usual Metropolis scheme, each chain configuration 
i would be generated so that it was proportional to !Ii. For 
convenience, in this paper, we instead generate the chains 
according to a normalized weighting factor Pi defined as 

pi = nu,n;k/cu(n;k (4) 
k n 

where each row in the U matrix is normalized to unity. 
This allows each chain to be generated sequentially by 
choosing random numbers defining the state of each bond 
from i = 3 to N. By convention, we take bonds 1 and 2 
to be in the trans configurations. Thus each Xi needs to 
be multiplied by ni/Pi in order to correct for the non- 
Boltzmann generation scheme. The relevant averages are 
then computed from the relation 

(X) = Cx,(ni/P,)/Cn,/P, (5) 
i 1 

As in the usual Metropolis Monte Carlo scheme, this 
method allows the preferential sampling of the lower en- 
ergy configurations contributing to the Boltzmann average 
in eq 1. 

In addition to the Monte Carlo calculations, an ap- 
proximate analytic technique has been applied to calculate 
local, scalar distribution functions. The technique is based 
on the availability of the exact rotational isomeric state 
partition function' and a steepest descent approximation. 
The method is restricted to the calculation of one bond 
and two nearest-neighbor bond probability distributions. 
Closed-form expressions can be derived for arbitrary tem- 
perature, chain length, and energy parameters. As an 
example, the normalized gauche distribution function is 
given by 

p G ( N G )  = (CBj,gi) (6) 

where the sum is over all bonds and the Kronecker delta 
B,,gf simply tests whether bond j is in the gauche state. By 
employing a continuum integral representation of the 
Kronecker delta, followed by a change of variables, eq 6 
can be expressed as 

I 

dx 
- exp(xNg)ZN(u = e-X)  (7) i P G  ( Ng) = 2N-I  #g JL 
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Figure 1. Monte Carlo generated end-bend distribution function 
W(r) for POM chains of 40 bonds at various temperatures: 300 
K (dashed); 200 K (solid); 150 K (dotted). The area under the 
curves is normalized to unity. Note that the ordered-phase 
contribution increases as the temperature is lowered. 

r/rJ 
Figure 2. Monte Carlo generated end-bend distribution function 
W(r) for POM chains at T = 200 K for various chain lengths: N 
= 20 (dashed); N = 40 (solid); N = 60 (dotted). Note that the 
ordered-phase contribution increases as the chain length decreases. 

where Z is the partition function and i is the imaginary 
unit. The above integral is of the Laplace inversion form 
and can be approximately evaluated via the method of 
steepest  descent^.^ The result is a closed-form analytic 
formula which becomes increasingly accurate as the num- 
ber of bonds gets larger. Analogous analytic results can 
be derived for the other one- and twoibond distribution 
functions. Detailed derivations will be presented else- 
where.l0 

End-to-End Distribution 
The end-to-end distribution functions W(r) were gen- 

erated for POM chainss according to the above scheme. 
The range of r f nl from 0 to 1 was divided into intervals 
of 0.05 where n is the number of bonds of length 1. The 
number of chains having end-to-end distances in the 
various intervals were averaged according to eq 5 to give 
a histogram of the distribution. A smooth curve wa9 then 
drawn through the points using a cubic-spline, least- 
squares technique. The results are shown in Figure 1 for 
a chain of 40 units at various temperatures and in Figure 
2 at various chain lengths. 

It can be seen from Figure 1 that below 300 K, for a 
chain of 40 bonds, the end-to-end distribution W shows 
two distinct maxima. As the temperature is lowered, the 
peak at rlnl - -0.65 increases sharply. This corresponds 
to a g5 helix (rlnl = 0.623) as mentioned previ~usly.~ It 
can be seen from Figure 2 that as the chain length de- 
creases a t  fixed temperature, the helical peak of the dis- 
tribution also increases. 

In previous studies"J2 on poly(ethy1ene) (PE) and 
poly(dimethylsiloxane) (PDMS), no bimodality of this type 
was observed over the temperature and chain length range 
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Figure 3. Probability PG of having NG gauche bonds of the same 
sign for a POM chain of 40 bonds. Points are from Monte Carlo 
calculations: 300 K (squares); 200 K (circles). Solid curves 
represent the steepest descents approximation. No bimodal 
behavior is observed. The ordered state occurs at NG = 38. 

studied. When these results were used to estimate the 
force-extension behavior of a PDMS network,11J2 the force 
was a monotonically increasing function of the extension 
ratio. If the present results were used to predict the 
network behavior of a POM network of short chains, 
however, nonmonotonic behavior would be observed. 
Because the force is related to the derivative of the dis- 
tribution function,l’ the force-extension curve would show 
a behavior reminiscent of the “van der Waals loops” seen 
in the PVT curves of gases.13 More generally, the bimodal 
behavior of POM calculated here resembles a helix/coil 
transition. The transition, however, is not sharp as can 
be seen from Figures 1 and 2. Similar behavior is well- 
known in the case of polypeptides and nucleic acids14 where 
the interaction is somewhat longer range. The present 
behavior of POM is analogous to the pseudo-first-order 
transition phenomenon that occurs for the magnetization 
in fiiite, one-dimensional, Ising-like spin models. In these 
cases short-range, nearest-neighbor interactions in finite 
chains can lead to coexistence type behavior between or- 
dered and disordered phases. 

Sequence Distributions 
In addition to the end-to-end distribution, we also ob- 

tained various internal sequence distributions according 
to the Monte Carlo scheme outlined. Our purpose was 
twofold. First, the end-to-end distance is a long-range, 
three-dimensional vectorial property, whereas the internal 
sequence distributions are scalar, one-dimensional quan- 
tities that characterize short-range correlations. An in- 
teresting question is whether such internal probability 
distributions are also capable of exhibiting bimodality. 
Second, the internal sequence distributions are relevant 
to many experimental probes. Because they describe the 
local structure, properties such as the electronic absorption 
and vibrational spectra can be sensitive to the qualitative 
form of these distributions. 

Figure 3 shows the probability PG of having NG gauche 
bonds of the same sign on a POM chain of 40 bonds. 
Likewise, Figure 4 shows the probability Pm of having Nm 
adjacent pairs of gauche b-bonds of the same sign. The 
points represent the Monte Carlo results, whereas the 
curves were obtained with the steepest descents approx- 
imation mentioned earlier. Excellent agreement between 
the Monte Carlo and the steepest descents calculations was 
obtained above 200 K. 

Unlike the case of the end-to-end distribution, those 
internal gauche distributions do not show a bimodal shape. 
Instead, the curves merely shift smoothly to the ordered 
state as the temperature is lowered with subsequent nar- 
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Figure 4. Probability PGG for POM of having N m  consecutive 
b-bond pairs with gauche states of the same sign. Points are from 
Monte Carlo calculations: 300 K (squares); 200 K (circles). Solid 
curve8 represent the steepest descents approximation. No bimodal 
behavior is observed. The ordered state occurs at N G G  = 19. 
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Figure 5. Monte Carlo generated probability P( YG) of having 
Y G  consecutive gauche bonds of the same sign for a chain of 40 
bonds. The points are for POM chains at various temperatures: 
125 K (circles); 150 K (squares); 250 K (triangles). The solid curve 
is for a random chain of 40 bonds obtained from Monte Carlo 
simulation with zero energies. Note the pronounced bimodality 
as the temperature is lowered. The ordered state occurs at YG 
= 38. 

rowing. A range of rotational isomeric state parameters, 
besides those of POM, was also explored and in no case 
could we resolve more than a single peak in the Pc and 
PGG distributions. 

Quite different behavior is observed, however, from 
higher order or longer range sequence distributions. We 
define P( Yc) as the probability of having YG consecutive 
gauche bonds of the same sign on a chain. This is a col- 
lective distribution function in the sense that it probes 
correlations over all length scales. This is in contrast to 
the two gauche distributions considered above. We ob- 
tained this sequence length distribution function by de- 
termining the g+ or g- sequence lengths within each Monte 
Carlo generated chain. A given chain, of course, may have 
many gauche sequences of different lengths. The indi- 
vidual chain distributions were then averagr d according 
to eq 5. This distribution function is shown in Figure 5 
for POM at  various temperatures. Figure 6 depicts the 
effect of chain length. 

It can be seen from these figures that the sequence 
length distribution, P( YG), shows a dramatic bimodality 
which clearly shows the existence of a helix and a coil-like 
state. (Similar behavior was previously found analytically 
by Nagai.15) As in the case of the end-to-end distribution, 
the sequence length distribution shows an increase in the 
ordered phase as the temperature or the chain length is 
decreased. 

That the higher order distributions P(YG) and W(r) 
show bimodality while the local distributions do not is not 
that surprising. In all distributions, the helical peak is due 
to the highly favored energies a t  low temperatures. The 
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Figure 6. Ratio of the helix probability (Yc = 38) to the coil 
probability ( YG = 2) as a function of chain length N .  The points 
are from Monte Carlo calculations of P( YG) for POM chains at 
T = 150 K. Note the approximate logarithmic dependence of this 
ratio as a function of chain length. 

coil-like peak in the higher order distributions is due to 
the much higher entropy of the more disordered states. 
The entropy increase with disorder, however, is much less 
for the local distribution functions. In fact, the increase 
is too gradual to produce the second maximum. 

Discussion 
It can be shown that the rotational isomeric state model' 

of a polymer chain can be recast in the language of a 
one-dimensional, Ising-like model.6 For the case of three 
rotational isomeric states, as in the case for many polymer 
chains, the model is equivalent to a one-dimensional, spin 
one, Potts model in an external field.6 For the two-state 
Ising model, it can be analytically shown that the near- 
est-neighbor 2-spin distribution functions do not exhibit 
bimodality. Therefore, by analogy, the results shown in 
Figures 3 and 4 are not surprising. The magneti~ation,'~ 
m, however, does show bimodal behavior in the Ising 
model. It is expected that the analogue of m in the rota- 
tional isomeric state model 

m = NG+ - NG- 

would also show bimodality in its distribution. Since m 
is not physically meaningful in the polymer problem, this 
distribution was not evaluated. However, as seen in Fig- 
ures 5 and 6 ,  the sequence length distribution displays 
coexistence between the fully ordered, helical state and the 
highly disordered configuration in a fashion reminiscent 
of the king magnetism behavior. 

As pointed out in the Introduction, it is well-known13 
that a one-dimensional model of the Ising type cannot have 
a true thermodynamic phase transition for T > 0 K, pro- 
vided the range of the interaction potential is finite. Thus 
it is obvious that the "helix/coil transition" observed here 
for POM cannot be a true thermodynamic transition. 
Nevertheless, depending on parameters, a coexistence 
between an ordered and disordered phase can occur over 
a fairly narrow temperature range. This same behavior 
has been studied extensively in polypeptide chains.14 In 
the case of those molecules, the "pseudo-first-order 
transition" usually occurs at higher temperatures than for 
POM. This is due to the longer range, strong H-bond 
interactions present in p01ypeptides.l~ In contrast, the 
POM transition-like behavior arises from the modest size 
of the chains with short-range interactions. 

The coexistence behavior observed here can be viewed 
as a freezing out of the lowest energy state. For POM, this 
ground state happens to coincide with the helical config- 
uration and is twofold degenerate (i.e., g+ or g-). We can 
define an order parameter f o  as the fraction of helicity. For 

1 I 
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Figure 8. Effect of an external tension f applied in the direction 
of the end-to-end vector of a POM chain of 40 bonds at 298 K. 
The curves are from Monte Carlo calculations for various values 
of fr,/kT: 8.32 (chain dash); 5.20 (solid); 0 (dashed). 

f is applied to the ends of a POM chain in the direction 
of the end-to-end vector. The Hamiltonian will then be 
increased by an amount fr/kT, and the end-to-end dis- 
tribution function Wf(r) becomes 

(12) 
W(r) exp(fr/kT) 

wf(r) = J W ( r )  exp(fr/kT) dr  

where W is the zero-field result. 
Using the previously generated Monte Carlo results with 

eq 12, we can then see the effect of this external field. 
These results are shown in Figure 8 for various values of 
the field f(r2)01/2/kT, where ( r 2 ) o  is the mean square 
end-to-end distance of the chain in the absence of an ex- 
ternal field. As expected, we see that the contribution of 
the ordered phase increases markedly as the force in- 
creases. In fact, as can be seen in Figure 8, it is possible 
to induce a helix/coil coexistence even though the tem- 
perature is above T, in the absence of the external field. 

We have seen in this paper that the bimodal structure 
of the distribution curves is a consequence of the "freezing 
out" of the low-energy helical configurations in the finite 
polymer chain. When the ground state corresponds to the 
extended or rodlike configuration, then similar rod/coil 
coexistence behavior can be expected at  low temperature. 
This would include polymers like polyethylene, where the 
transplanar configuration is the ground state, as well as 
certain stereoregular vinyl chains.16 

One can speculate on the possible experimental conse- 
quences of the behavior we have discussed here. POM is 
known to be a highly crystalline polymer in the bulk state 
with crystalline structures consisting of helices.2 The 
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melting point is quite high (-175 "C) and the polymer is 
insoluble in most solvents." As a result, few studies have 
been performed on POM melts or  solution^.'^ In view of 
the tendency to induce a helix/coil coexistence with an 
external force, one might expect some unusual hydrody- 
namic effects in solution or the melt, particularly for 
elongational flows. If one could prepare an amorphous 
network from a chain of the type discussed here, unusual 
stress-strain behavior would be anticipated. The tendency 
of the network chains to undergo a helixlrod transition 
could play a role in strain-induced crystallization, well- 
known in networks like natural rubber. Finally, in 
amorphous melts the intramolecular structure of the 
flexible polymer has important consequences for the in- 
termolecular packing. In general, there is a self-consistent 
coupling of the intra- and intermolecular structure. Con- 
sequently, since a bimodal end-to-end distribution implies 
two qualitatively distinct polymeric shapes, intermolecular 
reorganization or phase separation may occur with de- 
creasing temperature due to steric interactions between 
the polymer chains. 
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